We study the dynamics of Kelvin waves along a quantum vortex filament in the presence of mutual friction and a driving fluid while taking into account non-local effects due to Biot-Savart integrals. The Schwarz model reduces to a nonlinear and nonlocal dynamical system of dimension three, the solutions of which determine the translational and rotational motion of the Kelvin waves, as well as the amplification or decay of such waves. We determine the possible qualitative behaviours of the resulting Kelvin waves. It is well known from experimental and theoretical studies that the Donnelly-Glaberson instability plays a role on the amplification or decay of Kelvin waves in the presence of a driving normal fluid velocity, and we obtain the relevant stability criterion for the non-local model. While the stability criterion is the same for local and non-local models when the wavenumber is sufficiently small, we show that large differences emerge for the large wavenumber case (tightly coiled helices). The results demonstrate that non-local effects have a stabilizing effect on the Kelvin waves, and hence larger normal fluid velocities are required for amplification of large wavenumber Kelvin waves. Additional qualitative differences between the local and non-local models are explored.
Introduction and model formulation
The mathematical formulation for the self-induced motion of a thin vortex filament was given by Da Rios [1] and rediscovered by others later [2, 3] of such a classical [4] or low-temperature quantum [5] where curve r represents the spatial curve modelling the vortex filament at any time t, Γ denotes the strength of the filament (circulation), and is the path along which the filament lies. This representation is non-local, meaning that distant parts of the filament can affect the behaviour of the filament at a specific point. As this equation is non-local, it is difficult to solve for most vortex configurations. Still, a number of approximations of both analytical and numerical flavours have been discovered. The difficulty and usefulness of such approximation methods will depend strongly on the type of filament solution sought. Due to the mathematical and computational difficulties in studying (1.1), the local induction approximation (LIA) is sometimes used to replace the integral in (1.1) with a far simpler relation, viz.,
where t is the tangent vector, n is the normal vector to r, and κ is the scalar curvature. Here, is a small distance parameter signifying that we have removed the logarithmic singularity and are approximating the region near this singularity. The right-hand side of (1.2) is the binormal vector (up to scaling). While (1.2) defines a nonlinear vector partial differential equation, its solution is still simpler than that of the non-local and singular equation (1.1). The LIA is useful when the vortex filaments are very thin, which is true for instance in the case of quantized vortex filaments in superfluid helium. For classical vortex filaments, the LIA has well-known limitations. Therefore, it is certainly desirable to be able to study solutions of (1.1) in the context of quantum vortex filaments, to identify the qualitative effects of including non-locality.
In the case of a quantum vortex filament, the Schwarz model [6] takes into account normal fluid velocity and mutual friction terms, which were previously shown to be of relevance in studies on superfluid Helium [7, 8] . In the non-local formulation, this reads
Often times, this model is given in local form by replacement of the Biot-Savart operators with the local LIA operators, resulting in the quantum LIA:
It is also possible to use the local approximation near the core of the vortex filament while keeping non-local effects away from the core. This approximation method has been suggested and used in numerical studies of superfluid vortex filament dynamics [6] , and the appeal of this method is that it permits one to directly compare the LIA solutions with the Biot-Savart solutions. In this way, one can determine the influence of non-locality on a vortex filament. This approach gives useful analytical information about the time evolution of helical vortex filaments under the Biot-Savart dynamics. we obtain a regularized version of the non-local form of the Schwarz model we obtain the quantum LIA with non-local corrections,
where the integro-differential operator qBS[r] can be partitioned into a local part (involving space derivatives) and a non-local part (involving space integrals) like
Here, I [r] denotes the regularized integral operator 10) whereas the constant λ denotes the scaling of the logarithmic constant, λ = 1/ln( −1 ). When λ = 0, we recover the scaled form of the quantum LIA, which has been studied often in the literature.
When λ = 0, we obtain the non-local corrections to the quantum LIA. Alternately, when α and α are taken to zero, we recover the regularized Biot-Savart dynamics. Therefore, the time evolution of a vortex filament under (1.8) holds both quantum and non-local effects. Regarding helical filaments, the 'cut-off' method based on the oscillating vortex ring has been employed to the study of helical vortex filaments [4] . This method also approximates the inner region of the vortex cross section. Under appropriate assumptions, the method reduces to the LIA. An analysis of the approach was conducted by Moore & Saffman [9, 10] . Using the 'cut-off' method, Ricca [11] obtained analytical results in the small helix diameter and large torsion limit, and demonstrated that torsion strongly influences the motion of helical filaments. Results have been given in the small pitch (large wavenumber) and small amplitude regime [4, 11] , while Ricca [11] also gives an analytic result for the infinite-torsion case, valid when the pitch is small (wavenumber is large). Additional studies on the 'cut-off' method [12] have improved on the aforementioned analytical results. In addition to results for the Biot-Savart law, note that analytical results are common under the LIA [13] , which is much simpler to solve in the helical case [14, 15] ).
Physically, helical filaments and Kelvin waves are of fundamental importance. Numerical results and theoretical models have been used to show that a cascade of Kelvin waves transfers energy from large to small length scales [16] [17] [18] , where energy is removed from the system via phonon emission [19] [20] [21] . In the case of classical fluids, Kelvin waves have been studied on thin line vortices-resulting in helical vortex filaments [22, 23] , and also on knotted vortex rings [24] . Regarding the quantum fluid case, Kelvin waves were observed [25] on quantized vortices after vortex reconnection events [26] .
The mathematics of Kelvin waves along vortex filaments have been studied in a variety of contexts [14, 15] . Van Gorder [27] studied helical vortex filaments driven by normal fluid flow in an arclength formulation of the quantum form of the LIA. Van Gorder [28] considered helical vortex filaments under the quantum LIA in which the amplitude was assumed to be a function of time, which was an improvement over Van Gorder [29] in which only constant-amplitude helices were studied in the small amplitude regime. It was shown that one can develop a mathematical model, consisting of three ordinary differential equations, which govern the temporal dynamics of the amplitude, phase and translation of the helical filaments. The case in which the amplitude is constant in time corresponds to the critical value for the Donnelly-Glaberson instability. Below this, the Kelvin waves decay, and above this the Kelvin waves amplify. Recently, Van Gorder [30] studied non-local effects under the regularized LIA for the classical helical vortex filament (in the absence of any quantum terms). In this paper, we shall study the non-local quantum model (1.9), which incorporates both quantum and non-local effects, in order to deduce the influence of non-locality on the Kelvin wave solutions to the quantum LIA. We shall formulate the relevant model in §2, constructing a dynamical system with non-local terms that gives the dynamics of the amplitude, phase and translation of the Kelvin waves in time. In §3, we discuss asymptotic solutions in both the large and small time regimes for this model. As was true for the local model studied in Van Gorder [28] , the growth or decay of the amplitude is not purely linear, with the growth or decay rate different for large or small timescales. We also obtain the Donnelly-Glaberson instability in the presence of non-locality. We demonstrate that the non-local terms have a stabilizing influence on the Kelvin waves, meaning that higher normal fluid velocities will be required to initialize amplification of Kelvin waves in the large wavenumber regime. In §4, we further consider the mathematical structure of the non-local dynamical system, enabling us to qualitatively classify the possible behaviours of these Kelvin waves. There are three distinct cases, depending on the Donnelly-Glaberson instability. There exist Kelvin waves which amplify (with the amplification rate gradually slowing in time), eternal Kelvin waves which maintain their amplitude in time (at the critical value for the Donnelly-Glaberson instability) and Kelvin waves which decay over time (with the decay rate increasing over time). We discuss all of these results in §5.
We note that this study deals with the dynamics of a single helical vortex filament. A separate, but related topic is the study of non-local Kelvin wave interactions. The latter involves the study of non-local interactions of weakly nonlinear Kelvin waves on vortex filaments. In the high wavenumber limit, Kozik & Svistunov [31] develop the Kelvin wave kinetic theory in the regime of weak turbulence, where the smallness of nonlinearities reduces the nonlinear effects to scattering processes for the harmonic modes. They find that the leading elementary process responsible for the kinetics is the three-kelvon scattering. Also, Laurie et al. [32] have studied the structure of the nonlinear Kelvin wave interactions, and added to the theory by including previously unaccounted leading-order contributions to the effective wave Hamiltonian governing these dynamics, and explicitly calculated the interaction coefficients. The essential role of non-locality in these types of interactions has been demonstrated [33] .
Time evolution of Kelvin waves on a quantum vortex filament
In order to obtain the time evolution of Kelvin waves along a vortex filament, we shall study the integro-differential Cauchy problem
where qBS[r] is the quantum Biot-Savart law with use made of the cut-off in an neighbourhood of the singularity. From the initial profile r(x, 0), the time evolution will involve three attributes:
(i) There will be translation of the Kelvin waves along the x-axis.
(ii) There will be rotation of the Kelvin waves orthogonal to the x-axis. (iii) There will be decay or growth of the amplitude of the Kelvin waves, due to normal fluid and mutual friction effects.
In light of these properties, we should seek a solution of the form
The function β(t) governs translation along the x-axis, ω(t) governs rotations orthogonal to the x-axis, and μ(t) governs amplification or dissipation of the waves. Note that in the classical case, μ(t) is necessarily constant in time, while β(t) and ω(t) are linear functions of time. As has been shown for the strictly local quantum model (neglecting Biot-Savart integral terms), in the presence of mutual friction and a driving normal fluid these terms are nonlinear functions of time. We shall consider a normal fluid flow directed along the direction of the vortex filament, that is U = (U, 0, 0). This configuration can be used to propagate the Kelvin waves which form along the line filament. The normal fluid flow along the vortex filament line can then amplify the Kelvin waves, depending on the strength of the normal fluid velocity, U. Note that we have considered the case in which the normal fluid is uniformly directed along the vortex filament. If, instead, we were to have picked U = (U 1 , U 2 , U 3 ), observe that it has been shown by Shivamoggi [34] that the components orthogonal to the filament orientation (U 2 and U 3 ) will simply translate the entire filament structure in space. Therefore, it is the component directed along the filament which will most strongly modify the structure of the Kelvin waves.
If we place the parametric representation (2.3) into (2.1), we obtain a system of three equations. The first equation directly gives the time evolution of β(t), while the latter two involve time derivatives of both ω(t) and μ(t). Luckily, the latter system of two equations is never degenerate, so we may solve for the time derivatives for each of ω(t) and μ(t). The full dynamics of the Kelvin waves are found to be governed by
Here, the terms J 1 (μ(t)) and J 2 (μ(t)) hold the non-local contributions,
and
(2.8)
In the limit where non-local effects are negligible, we take λ → 0, and this system reduces to that studied in Van Gorder [28] . In the limit where mutual friction effects are negligible we take α, α → 0, and the system reduces to that studied in Van Gorder [30] . In the limit where both non-local and mutual friction effects are negligible, we recover the classical LIA results. The dynamics here are more complicated than either of those special cases. In what follows, we shall completely determine the possible qualitative behaviours of the Kelvin waves governed under these nonlinear and non-local dynamics when the mutual friction terms are included. 3. Asymptotic solutions to the dynamical system (2.4)-(2.6) (a) The small time limit
In the small time limit, we take exp(−μ(t)) ≈ 1. Then, the response functions on the right-hand side of (2.4)-(2.6) are all independent of time. The small-time asymptotic solutions are therefore
The first term in each of these representations is the classical contribution, the second term is the localized quantum contribution, while the third term is the non-local quantum contribution. As for the decay rate, we have
where the first term is the localized quantum contribution, whereas the second term is the nonlocal quantum contribution. (There is no classical decay, hence there is no classical decay term.) Note that the decay term scales as the negative of the quantum part of the rotation term. In the equations above, note that the non-local terms are themselves constant in time:
(b) Donnelly-Glaberson instability in the non-local setting
From the form of the dynamical system (2.4)-(2.6), the function μ(t) maintains its sign over time. If this function is positive, the Kelvin waves undergo decay. Meanwhile, if this function is negative, the Kelvin waves amplify over time. This latter scenario leads to instability. The critical value of the wavenumber k at which decay gives way to amplification corresponds to the DonnellyGlaberson instability [35] [36] [37] . This instability ensures that amplification of the Kelvin waves will follow from a sufficiently large normal fluid velocity. For the strictly local case (where λ = 0), this value corresponds to
At this value, the local Kelvin waves have constant amplitudes over all time. Note that this value corresponds to a steady-state solution for the dynamical system corresponding to the local model. What we shall show below is that by including the non-local terms from the Biot-Savart law, the Donnelly-Glaberson instability is modified strongly in the large wavenumber regime, while in the small wavenumber regime we essentially have the same results that are predicted in the local case. If we consider non-local effects, we modify the value of the critical wavenumber corresponding to the Donnelly-Glaberson instability. Denote this critical wavenumber by k * n . Then, k * n must satisfy
Solving this equation to obtain k * n as a function of U is not a trivial matter, even numerically. However, note that obtaining the inverse relation U = U(k * n ) is rather simple, to wit:
For comparison, in the strictly local case, we will have
For small k * n , the integral term in (3.8) is negative, while for large k * n , the integral term in (3.8) is positive. There will exist some intermediate value of k * n for which the integral term is exactly zero, in which case k * n = k * l . This value will correspond to some specific value of U, say U * , and we define U * as the unique value at which
, hence for small normal fluid velocities the inclusion of non-local effects decreases the critical wavenumber at which we observe the Donnelly-Glaberson instability. On the other hand, U > U * , we have k * n (U) > k * l (U), so for large values of the normal fluid velocity, the non-local effects increase the critical wavenumber at which we observe the Donnelly-Glaberson instability.
Note also that in the local model, the value of the normal fluid velocity is bounded like U < 1/A. However, as we see here, this is due strictly to the locality of the problem. For the non-local problem, there is no such bound on the normal fluid velocity. This means that the non-local terms are having a smoothing effect, and hence large normal fluid velocity values are permitted as they do not result in a blowup of the critical wavenumber. Physically, this means that for any U > 1/A, the local model implies that all solutions amplify. However, including nonlocal contributions, we see that solutions in the presence of large normal fluid velocity can decay, provided that we have large wavenumbers. In figure 1 , we plot stability regions obtained by both the local and non-local models. It is clear that the non-locality has a smoothing effect, resulting in decaying Kelvin waves in the large wavenumber regime where the local theory would predict amplification.
These results suggest that higher normal fluid velocity values will be required to initialize amplification of Kelvin waves, when wavenumbers are high (i.e. when then helix is tightly coiled).
In the large wavenumber regime, the non-locality therefore has a smoothing or stabilizing effect on the Kelvin waves. Part of the reason for the discrepancy lies in the fact that the LIA poorly approximates tightly coiled vortex filaments, and for such filaments the full Biot-Savart dynamics are required. This stability result therefore points to the qualitative breakdown of the LIA for helical vortex filaments in the large wavenumber regime. In the case of Kelvin wave decay, the solutions should behave in large timescales like
Here, β ∞ , ω ∞ and μ ∞ are all constants and J 2 (∞) is given by
On the other hand, in the case of Kelvin wave amplification, the solutions should behave in large timescales rather differently. This is due to the fact that, when exp(−μ(t)) → 0, the nonlinear response functions are linearized and one can perform the requisite integrations, obtaining linear functions. So, in the case of decaying Kelvin waves, linear approximations to the solutions are reasonable at small and large timescales. However, when exp(−μ(t)) → ∞, the time derivative of μ(t) tends to zero. So, the function μ(t) should decrease more slowly than a linear function. If we balance the dominant terms and seek a solution which tends more slowly to infinity than a linear function, we find that the growth rate function scales like
where n 0 is a constant. Interestingly, while the decay of a Kelvin wave is of the order of an exponential rate of decay, the amplification of a Kelvin wave is at a much more gradual logarithmic rate. 
The first (classical) term is positive, increasing and remains bounded, whereas the quantum contribution is negative, increasing and bounded for large timescales. In fact, we have that for α > 0,
as t becomes large. This means that the phase term tends towards a constant, and thus there is no rotational motion, for large time. Meanwhile, if α → 0, then we recover the classical limit
In this limit, the rotational velocity remains constant in time. Therefore, in the presence of quantum effects, the amplifying Kelvin waves rotate progressively slower as they increasingly amplify, at large timescales. The term J 1 is the non-local correction to the translational velocity, dβ/dt, while J 2 is the nonlocal correction to the rotational velocity, dω/dt, in the absence of mutual friction effects. As seen above, these terms make additional appearances when there are mutual friction effects. Now, in the large time limit, the translational velocity tends to zero, hence terms with J 1 tend to zero, while the rotational velocity is non-zero, so we still have a contribution from J 2 at large times.
Plots of the small and large time asymptotics for the decay or growth term, μ(t), are provided in figure 2 along with corresponding numerical solutions. This demonstrates the accuracy of the asymptotic expressions given above. As the dynamics of β(t) and ω(t) are determined from μ(t), the asymptotics for these functions are also accurate, where valid.
Note that we do not discuss the possibility of self-reconnections that can completely change the structure of the vortex filament [38] . This is because our Kelvin wave model consists of a single helical vortex filament, and there is no mechanism for this to break and then reconnect. However, if the Kelvin wave amplitude is significantly large compared with its period, then the prospect of self-reconnection would be possible. Therefore, in the case of Kelvin wave amplification, one can Figure 2. Plot of the decay rate μ(t) when we set = 10 −3 and hence λ = 1/3 ln(10). The physical parameters are k = 1.5, U = 1, α = 0.006, α = 0.003, A = 0.5. We see that the small time asymptotics are indeed rather accurate for small enough t, while the large time asymptotics are accurate for large t. Importantly, this demonstrates that the decay rate does scales as a linear function in both the small and large timescales. However, the rate of decay differs in each timescales, with the decay more rapid at large timescales. (Online version in colour.)
view the large time dynamics as governing the structure of the vortex filament up until the point before any self-reconnections may take place. Of course, there must be some breakdown of the structure before the Kelvin wave amplitude becomes very large.
Dynamics of the system (2.4)-(2.6)
Note from the form of the system (2.4)-(2.6) that if we understand the dynamics of μ(t), we immediately can determine the dynamics of β(t) and ω(t). Still, (2.6) is rather complicated. To better study this equation, let us make the transformation
Under an appropriate change of variable (χ = kσ ), we can then write the integrals J 1 (μ(t)) and J 2 (μ(t)) as
Under the transformation (4.1), equation (2.6) becomes
From the transform (4.1), the appropriate initial condition is θ(0) = (1 + A 2 k 2 ) −1/2 . Furthermore, as μ(t) is assumed to be a real-valued function, we must have 0 < θ(t) < 1 for all finite t. If θ → 0 + , then μ → −∞ and the Kelvin waves amplify. Meanwhile, if θ → 1 − , then μ → ∞ and the Kelvin waves decay. Equation (4.4) has equilibrium points θ
One may show that θ * 1 and θ * 3 are stable, while θ * 2 is unstable. As the equation is first order and autonomous, there are no non-equilibrium dynamics for large time. Therefore, the dynamics of (4.4) can be described qualitatively as follows: 
This implies that μ → ∞, and hence the Kelvin waves decay over time.
(ii) If θ(0) = θ * 2 , then θ (t) ≡ θ * 2 for all t. This implies that μ(t) is constant, and hence that the Kelvin waves maintain a constant amplitude for all time. This corresponds to the classical helical filament without dissipation. (iii) If θ * 1 < θ(0) < θ * 2 , then θ → 0 + for large t. This implies that μ → −∞, and hence the Kelvin waves amplify over time.
The value of the equilibrium θ * 2 of course depends on U. However, as for each value of U ≥ 0, a critical wavenumber k * n (U) exists (as per our discussion in §3), the properties above are true even for large normal fluid velocities. This is in contrast to the localized model, given by
For this model, such an equilibrium exists for small enough U (in particular, for U < 1/A) while for larger U the equilibrium value would exceed one. In such a scenario, the zero equilibrium would be attractive while the equilibrium equal to one would be repulsive. A larger equilibrium, θ * 4 = U/k > 1, would be attractive yet non-physical as θ > 1 implies that μ is not real-valued. In such a case, all solutions 0 < θ(t) < 1 would tend to zero and imply the amplification of Kelvin waves over time. This is exactly what the asymptotics of the previous section suggested.
Note that the dynamics of θ (t) (and hence of μ(t)) are 'slow' for intermediate wave numbers, in that they scale with αk 2 . Therefore, the dynamics described above are order O(α). In the very cold limit where α → 0, these dynamics become negligible, whereas in the warmer superfluid limit these dynamics become stronger (as α = O(1) in the warm superfluid limit above 2.0K). However, the dynamics for β(t) and ω(t) are always of order O (1) . This makes sense, as both translational and rotational effects are present in the classical limit, whereas the amplification or decay of Kelvin waves in this model is a purely quantum effect.
(a) Approximate dynamics
We may approximate the differential equation (4.4) in order to better understand the nonlinear dynamical process under which Kelvin waves decay or amplify. In particular, note that the
is rather accurate for both small and large χ . Using this approximation, we have
where
and Under this approximation, equation (4.4) reduces to a polynomial differential equation (b) Recovery of the vortex filament parameters
As we now understand the qualitative dynamics of the system (4.4), we use this to study the dynamics of the system (2.4)-(2.6). First, note that we immediately obtain (from equation (4.1))
Clearly, if θ → 0 then μ → −∞, and the Kelvin waves amplify in time. Conversely, if θ → 1 then μ → ∞, and the Kelvin waves decay in time. As θ (t) is always monotone in time, then so is μ(t).
In order to recover the phase term, ω(t), note that we may write (2.5) in the form
Integrating, we obtain
The first term is the direct analogue of the non-local result in Van Gorder [30] for the classical case. The difference between this term and the purely classical case is that the time dependence of μ(t) means that this term is not simply a linear function of time. Aside from this, the terms look nearly the same. The second term is the quantum effect due to dissipation or amplification of the Kelvin waves. While both α and α are in general small parameters for the cold superfluid case, the ratio is often α /α = O (1) . So, the term giving the quantum correction is not particularly small. Approximating the non-local contribution as above, we obtain
To recover the translation term, β(t), we may write (2.4) as Integrating this equation, we have
The first term is again the direct analogue of what we have previously seen in the classical case Van Gorder [30] , with the exception being that now we have an integral over a time-dependent function μ(t) and hence the first term is not a linear function of time. Other than this, the leading term is exactly what we have seen before in the non-local classical case. The second term is not necessarily small, as again α /α = O (1) . This term is due to the amplification or decay of the Kelvin wave. If the Kelvin wave amplifies, this term is positive, and hence this term increases the translational rate of the wave. On the other hand, when there is decay of the Kelvin wave, this term decreases the translational rate of propagation. The final term is an additional non-local term which also depends on the mutual friction parameter α , and hence this term is small. One can view this term as a non-local correction to the O(1) mutual friction term modifying propagation of the Kelvin waves along the line filament. In figures 3-5, we give numerical solutions for the decay term μ(t), the translation term β(t), and the phase term ω(t) for both the local (λ = 0) and non-local (λ > 0) models. We consider two cases, one in which there is decay and one in which there is amplification of the Kelvin waves.
First, consider the cases in which the Kelvin waves decay. When non-local terms are included, the decay rate is increased (as non-locality smooths the dynamics). As the translational propagation of these waves is strongly tied to their decay rate, the waves in the non-local model exhibit less translational motion (and hence lower translational velocity) before translational effects become null. Recall that translation stops when the waves have decayed. On the other hand, rotational velocity is seen to be higher in the presence of non-local terms. Hence, the more natural inclusion of non-local effects results in increased rotation and decreased translation of the Kelvin waves. These Kelvin waves decay more rapidly than do their counterparts from the local model. In the case where Kelvin waves amplify, we observe that μ(t) scales as a logarithmic rather than a linear function, which is exactly what the asymptotics predicted. The amplification rate is slightly higher for the Kelvin waves obtained from the local model, although the difference between the two is less evident than before due to the small differences visible in the logarithmic functions. (By contrast, larger differences are evident in the case of decay, as the function μ(t) scales as a linear function in that case.) The rotational velocity is still greater in the non-local case, in the presence of Kelvin wave amplification. However, the translational motion is greater in the non-local case, which is the reverse of what was observed in the Kelvin wave decay regime.
The Gorder [28] . Therefore, the primary influence of the non-locality in the present model is to modify the growth or decay of the Kelvin waves, as evidenced from the modification to the Donnelly-Glaberson stability boundary.
Discussion
We have reduced the non-local form of the Schwarz model (with regularized Biot-Savart integral for which the core region is approximated via LIA) to a system of three nonlinear integrodifferential equations governing the temporal dynamics of Kelvin waves along a vortex filament. The model governs the amplitude and phase of the Kelvin waves, as well as their translational motion along the vortex filament. Through an analytical and numerical analysis of the governing dynamical system, we have been able to classify the possible behaviour of Kelvin waves propagating along vortex filaments in the non-local form of the Schwarz model. The primary difference between the possible Kelvin waves is whether they amplify, remain of fixed amplitude, or decay, and it is shown that the non-locality of the studied model strongly influences the boundary separating these three behaviours, particularly for Kelvin waves of large wavenumber.
These results suggest that the non-local terms have a very strong moderating effect on the Donnelly-Glaberson instability, in the case where the wavenumber is large. Therefore, it would take a far larger normal fluid velocity directed along the vortex filament in order to experimentally induce amplification of Kelvin waves. The effect is present when mutual friction is very small (temperatures near 0 K) or even of order unity (temperatures near 2 K). This highlights the fact that the LIA, while very useful in some regimes, is not valid when the vortex filaments are of large variation. In the large wavenumber regime, the helical filament becomes tightly coiled, and non-local effects due to the Biot-Savart law are poorly approximated under the LIA. Contrast this to the small wavenumber case, where the helical filaments are very loosely coiled, and the Donnelly-Glaberson instability boundary for the local and non-local case is in qualitative agreement.
We see that the primary role of the mutual friction parameter α is to modify the rate of amplification or decay of the Kelvin waves. In the low-temperature limit, this parameter is very small, and any amplification or decay of Kelvin waves will be gradual. On the other hand, when the temperature is on the order 2 K, α is of order unity, and the amplification or decay of Kelvin waves will be much more rapid. Therefore, the very low-temperature limit (say, below 1.5 K) is best for observing any nuanced growth or decay of these waves experimentally.
The analytical, and in particular, asymptotic solutions to the non-local dynamical system demonstrate that the rates of decay or amplification of the Kelvin waves are not constant over time. Rather, in the case of decay, the rate of decay starts out more gradually, and then intensifies as the Kelvin wave dies. On the other hand, in the regime in which Kelvin waves amplify, we see that the rate of growth is highest at the onset of amplification, and then the Kelvin waves grow more slowly for large time. The constant amplitude Kelvin waves are a very special case, existing along the instability boundary, and a perturbation of these solutions will result in amplification or decay (depending on the direction of the perturbation). While it is interesting to note that the constant amplitude solutions are a special case in the quantum model, recall that they are the only solution in the classical model (as amplification or decay is only possible due to the added quantum terms).
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